We investigate multiparticle excitation effect on a collective density excitation as well as a singleparticle excitation in a weakly interacting Bose-Einstein condensate (BEC). We find that although the weakly interacting BEC offers weak multiparticle excitation spectrum at low temperatures, this multiparticle excitation effect may not remain hidden, but emerges as bimodality in the density response function through the single-particle excitation. Identification of spectra in the BEC between the single-particle excitation and the density excitation is also assessed at nonzero temperatures, which has been known to be unique nature in the BEC at absolute zero temperature.
Bose-Einstein condensates (BECs) -non-vanishing nature of off-diagonal long-range order for the one-body density matrix [1, 2] -have drawn considerable research interest in many branches of physics ranging from equilibrium states, such as liquid helium [3] [4] [5] , ultracold atomic gases [6, 7] as well as magnetic insulators [8] [9] [10] , to nonequilibrium states, such as magnon [11] , phonon [12] , photon [13] , polariton [14] as well as excitonpolariton [15, 16] . In superfluid helium, in particular, multiparticle excitations have been extensively studied in the context of interacting maxons as well as rotons [17] [18] [19] [20] [21] [22] [23] [24] [25] , since their bound states as well as scattering states are quite important because of their very large density of states [20] [21] [22] [23] [24] [25] .
In recent BEC systems, on the other hand, such as dilute ultracold monoatomic BECs [6, 7] as well as quasiparticle BECs [8-10, 15, 16] , spectra measured in those experiments show the Bogoliubov-type phonon dispersion relation in the low-momentum regime [9, [26] [27] [28] , not showing maxon and roton branches. If we employ our understanding of multiparticle excitations in liquid helium, multiparticle excitations would not be important in those BECs, because these do not manifest quasi-particle branches enhancing the density of states, where the dispersion relation becomes flat [20] [21] [22] [23] [24] [25] . However, owing to the presence of the BEC, a single quasi-particle can create two quasi-particles through an interaction process with the BEC [29] , which might provide multiparticle effect. In the end, we are confronted with a vital question about the multiparticle excitation in BECs, which have recently drawn considerable research interest, without maxons as well as rotons.
In this paper, we tackle this problem, and unveil multiparticle excitation effect in a weakly interacting Bose gas. We show that in the presence of the Bogoliubovtype excitation even without maxons and rotons, weak multiparticle excitation effect is no longer hidden, but emerges as a bimodal structure in the density response function through the single-particle excitation. This is evidence of the many-body effect in the BEC; since the quasi-particle excitation and the density excitation are hybridized thanks to the BEC [29, 30] , a weak multiparticle excitation effect is included into the single-particle excitation through the interaction between the condensate and the quasi-particle in the density-fluctuated medium affected by the weak multiparticle excitation. For bimodality, quasi-particle-quasi-particle interaction effect in the many-body medium is not found to be important, because the many-body medium effect is smeared out by quasi-particles with various momenta. We also discuss the relation of peaks in the single-particle spectral function and the density response function. Although at extremely low temperatures, these peaks are merged, which is consistent with the Gavoret-Nozières prediction [30] , the peak lines are distinguishable at higher temperatures, since less is the weight of those density vertices which involve the single-particle Green's function into the density response function.
Consider a weakly interacting Bose gas with the Hamiltonian
where a p is the annihilation operator of a bosonic particle with a mass m as well as the kinetic energy ǫ p = p 2 /(2m) measured from the chemical potential µ. A weak repulsive interaction U (> 0) is described by an s-wave scattering length a such that 4πa/m = U/[1 + U p (2ǫ p )
−1 ]. The BEC order parameter a p=0 = √ n 0 is assumed to be real without loss of generality, where n 0 is the condensate density. (In this paper, we use the convention such that , k B and a volume are unity.)
The self-energy Σ(p) includes interaction effect in density-fluctuated medium. (We have simply given p ≡ (iω n , p), where ω n is the boson Matsubara frequency.) Below the critical temperature, this density fluctuation is formed by the quasi-particles with the phonon dispersion relation in the low-energy regime. In order to include this effect, we employ, for constructing the selfenergy Σ(p) as well as the other building blocks, the Green's function in the Hatree-Fock-Bogoliubov-Popov approximation [31, 32] , which successfully describes the Bogoliubov phonon dispersion relation in the low-energy regime. (Details of our theory used in this paper are summarized in the Supplemental Material.)
The self-energy contribution in the BEC phase is constructed from condensate parts Σ 11 (12) ,c as well as non-condensate parts Σ 11 (12) ,n . In the case of the Hatree-Fock-Bogoliubov-Popov-type diagrammatic contribution [31] [32] [33] [34] , one can employ Σ 11 (p) = Σ 11,c (p) + Σ 11,n (p) as well as Σ 12 (p) = Σ 12,c (p). The density response function χ(p) below the BEC critical temperature T c is constructed by the two parts [29, 30] , where χ 1PI (p) is the one-particle irreducible (1PI) part, and χ
is the one-particle reducible (1PR) part that is specific to the BEC phase. Here, Υ and Υ † are density vertices that involve into the density response function the singleparticle Green's function
The density response function shows the crossover from the (BEC-specific) 1PR-dominant regime ( Fig. 1 (a) ) to the (BEC-nonspecific) 1PI-dominant regime ( Fig. 1(b) ). In the low-temperature regime, the density response function exhibits a sharp peak, which originates from the 1PR part, i.e., the single-particle Green's function. This single-particle contribution to the density response function is due to the presence of the BEC providing the nonzero density vertices Υ and Υ † . Compared with the 1PR part, the 1PI part is negligibly small, where a sharp point is positioned close to the single-particle excitation peak. At higher temperatures, on the other hand, since density vertices possess the factor √ n 0 through the condensate Green's function, a strong sharp peak disappears in the 1PR part. The 1PI part thus becomes relatively dominant at higher temperatures, although the sharpness in χ 1PI , as seen in lower-temperatures, disappears. The contribution of χ 1PR to the whole χ completely vanishes at T = T c , because of the absence of the hybridization.
Bimodality can be clearly shown in the density response function in the low-temperature regime ( Fig. 1  (a) ). A secondary peak is positioned at the foot of a prin- cipal peak. This satellite peak structure is distinct from a mere multiparticle excitation [19, 25] , where the total spectrum in the density response function is considered to be a sum of a single sharp peak and a broad continuum [17, 19, [35] [36] [37] [38] [39] [40] [41] . The former is originated from the single-particle excitation, and the latter from the multiparticle excitation arising from the 1PI part [19, 25] . In superfluid helium, the latter cannot be negligible since bound states as well as scattering states between maxons/rotons are enhanced because of their very large density of states [20] [21] [22] [23] [24] [25] . This effect may emerge also in certain classes of ultracold atomic BECs with the roton, such as a dipolar BEC [42, 43] as well as a spin-orbitcoupled BEC [44, 45] .
In the present case, the broad 1PI contribution is quite smaller than that of the 1PR part. However, the secondary peak can be clearly seen in the density response function. Since the single-particle excitation is hybridized to the density excitation in the BEC phase, a key to understand the bimodality in the density response function is rather the single-particle excitation. In order to uncover its origin, the single-particle spectral function is studied by selectively including the self-energy contributions Σ 11 (12) ,c as well as Σ 11 (12) ,n , where the selfenergy Σ 12,n (p) is also considered so as not to eliminate the off-diagonal Green's function in the BEC phase in the case of Σ 12,c eliminated.
The bimodality in the single-particle excitation is absent only in the case where the condensate contributions Σ 11(12),c are not included (Fig. 2) . It indicates that the bimodality is provided by the condensate contributions Σ 11 (12) ,c , which include the interaction effect between the condensate and the quasi-particle in the many-body medium with the multiparticle excitation. A quasi-particle-quasi-particle interaction in the manybody medium is not essential to the bimodality, even if the effective interaction includes the effect of the densityfluctuated medium (line C in Fig. 2) . The effect of the many-body medium is smeared out by quasi-particles with various momenta.
Since the Bogoliubov mean-field approximation can no longer describe the bimodality, which only results in a single sharp peak, the bimodality is an evidence of manybody effect in the BEC, i.e., beyond Bogoliubov meanfield effect. The satellite peak originated from this manybody effect in the single-particle excitation survives up to T = 0.81T c (Fig. 3) , which is accessible in experiments. This satellite peak also survives up to the momentum q = 0.51q 0 at T = 0.1T 0 c , which corresponds to the wavelength λ = 3.8µm evaluated with experimental values for a homogeneous BEC [46] . To briefly conclude, although the mere multiparticle excitation given by the 1PI part does not provide any dominant contribution directly to the total density response function at extremely low temperatures, this weak multiparticle excitation effect is no longer hidden, but emerges in the density excitation through the single-particle excitation.
In the BEC at T = 0, the single-particle Green's function is known to have the same pole as the density correlation function in the low energy regime [30] . In the low-energy and low-momentum limits, indeed, the density response function is exactly given by [30] 
and the leading order of the single-particle Green's function is exactly given by [30] 
The sound speed c of the quasi-particle is equal to that given by the thermodynamic compressibility n/(mc 2 ) = (dn/dµ) T [30] . This statement is known to be true for the absolute zero-temperature case, and there has been debate on a nonzero temperature case. We here show that only at extremely low temperatures, peaks of the single-particle Green's function as well as the density response function are identical in numerical resolution; however, those become estranged at higher temperatures (Figs. 3 and 4) . The density response function is given by the sum of both 1PI and 1PR parts χ = χ 1PI + χ 1PR , and the 1PR part takes the pole over the single-particle Green's function. However, at higher temperatures, the weight given by the density vertices Υ as well as Υ † gets so small that the peak of the density correlation function quantitatively shifts from that of the 1PR part to that of the 1PI part growing relatively.
We also study the main-peak position ω peak of the single particle spectral function and its line shift that is defined by ∆ω ≡ ω peak − p 2 /(2m) [47, 48] (Fig. 4) . In the low-temperature case (0.1T 0 c ), although the many-body effect emerges as the bimodal shape of the single-particle spectral function, its main peak position is well described by the Bogoliubov excitation, even if the many-body effect is included into the self-energy. At higher tempera-ture (0.5T 0 c and T c ), the discrepancy between them can be shown, where at the critical temperature in particular, the effective mass of the quasi-particle becomes slightly heavier with the increase of the momentum.
Notify that the diagrammatic contribution employed in this paper satisfies exact identities. Since the lowest contribution of the regular part shows the infrared divergence χ 0 R (p) ∝ −T /|p| at nonzero temperatures [49] [50] [51] , the off-diagonal self-energy satisfies the NepomnyashchiiNepomnyashchii identity Σ 12 (0) = Σ 12,c (0) = 0 [52] , which leads the infrared divergence of the longitudinal susceptibility caused by the higher order phase-phase correlation [49] [50] [51] [53] [54] [55] . Because of the same reason of the infrared divergence, the density vertices also satisfy the exact identity Υ(0) = Υ † (0) = 0 [52] . This identity leads the exact relation lim p→0 χ 1PR 00 (0, p) = 0, which indicates that the compressibility zero-frequency sum rule is exactly exhausted by the 1PI part alone [30, 52] 
If the 1PI part were constructed with the lowest order of the regular part χ This gives an unphysical temperature-independent sound speed c 0 . This problem has been cured in our formalism. By inversely solving the compressibility zerofrequency sum rule, the temperature-dependent sound speed is given by c = −n/[mχ 1PI (0)], where χ
Here, n p is the Bose distribution function and E p ≡ ǫ p (ǫ p + 2U n 0 ). The stability of the system, represented by c ∈ R (as well as c > 0), is guaranteed by negativity of χ 1PI (0) as well as that of Π ′ (0) thanks to the relation ∂n p /∂E p < 0.
The hidden multiparticle excitation nature unveiled in this paper can be accessible by using spectroscopy for ultracold atoms. The single-particle spectral function can be measured with photoemission spectroscopy [56] ; the dynamic structure factor can be measured with Bragg scattering [26, 27] as well as a recent ultrahigh finesse optical cavity [57] . Ultracold atoms thus offer a prominent platform for studying both the single-particle spectral function and the dynamic structure factor in a BEC.
This recent advantage of spectroscopy may provide an experimental test of identification of spectra between the single-particle phonon excitation and the density phonon excitation in the BEC. In liquid helium, neutron scattering and light scattering have been successfully uncovered the dynamic structure factor [17, 36, 37, 40, [58] [59] [60] [61] . However, since a helium atom is of closed-shell, the single-particle spectral function has not been clearly understood, our understanding of which has been interpretationally extracted from the dynamic structure factor through theoretical knowledge [29] . The controllable platform -the ultracold atoms -may offer the first direct experimental test of the long-standing problem in the BEC: the identification of spectra between the singleparticle excitation and the density excitation, which will deepen our insight of the BEC, and is doubted very recently [62, 63] .
In summary, multiparticle excitation effects have been investigated on the single-particle spectral function as well as the density response function in a weakly interacting Bose-Einstein condensate (BEC) at nonzero temperatures, with construction of vertex functions satisfying exact identities. Typically below 80% of the critical temperature T c , these spectral functions manifest bimodality even without maxons and rotons that have been considered to provide significant contributions to multiparticle excitations. Although the s-wave interacting BEC provides a weak multiparticle excitation at extremely low temperatures, this multiparticle excitation effect may not remain hidden. The bimodality in the single-particle excitation is an evidence of the condensate-quasi-particle interaction effect in the density-fluctuated medium with the multiparticle excitation. Visible at extremely low temperatures is identification of spectra between the single-particle and density excitations, where the maximum peak position at 10% of T c traces the mean-field Bogoliubov spectrum, although the many-body effect can be seen as the satellite peak. This identification between the single-particle excitation and the collective density excitation is the unique nature of the BEC At higher temperatures, however, it may be invisible since the hybridization becomes weaker between both excitations. The results unveiled in this paper will be uniquely accessible by using spectroscopy, such as photoemission spectroscopy, Bragg scattering and ultrahigh finesse optical cavity, in ultracold atoms that will bring our deeper understanding of the single-particle excitation and the collective density excitation in a BEC.
Bogoliubov-Popov approximation, given by
with µ 0 = U n 0 and the Pauli matrices σ 1,2,3 . The effective interaction U 0 eff (p) in the density-fluctuated medium, which is used to calculate the self-energy contribution, is described by (A.12)
